Evolution equations for the coupled relaxation of densities and temperatures for the components in nonideal partially ionized plasmas are given. In these equations many-body effects, such as screening, self-energy, and lowering of the binding energy, are included. The coupled equations are solved numerically for a hydrogen plasma consisting of electrons, protons, and atoms. Impact ionization, three-body recombination, and elastic processes are taken into account. Thermal relaxation times are determined and the results are compared with those from the literature. The influence of many-body effects on the evolution process are discussed. In some cases, a significantly increased lifetime of the two-temperature regime is found.
I. INTRODUCTION
In nonideal partially ionized plasmas, many-particle effects, such as screening, self-energy, bound states, and lowering of the ionization energy, play an important role. 1, 2 In Ref. 3 , the influence of these effects on the reaction-diffusion process in nonideal plasmas was studied. Reaction-diffusion equations with generalized expressions for the coefficients of ionization, recombination, and diffusion were derived. Because of the nonideality, these coefficients are density dependent. Nonlinear behavior like nonlinear diffusion, bistability, and running ionization fronts were discussed. A limitation of Ref. 3 was that the density relaxation was considered in the case of homogeneous constant temperature.
In the next paper 4 we took into account the temperature evolution. We derived hydrodynamic equations from generalized quantum kinetic equations for quasiparticles. With these equations one can describe the relaxation of the density and temperature of the plasma species in nonideal partially ionized plasmas. We only considered dense plasmas that are collision dominated. To highlight the effect of temperature on the relaxation process, we analyzed the simplest casethat of a single temperature common for all components. As a result, we found strong correlations between the evolution of chemical composition and temperature. Now we are interested in the class of plasmas where light and heavy particles have not yet relaxed toward a common temperature. This is the case when the plasma is exposed to the action of electric fields 5 or particle beams that generate highly energetic electrons. Such a plasma can also arise when a short pulse laser radiation interacts with solid matter. 6 To focus on the evolution of the macroscopic quantities, we assume here that the quasihydrodynamic regime is reached. 7 This means, each component has relaxed toward its own quasiequilibrium momentum distribution characterized by a specific temperature. At the same time, these temperatures are not yet in equilibrium with each other and chemical equilibrium has not yet been reached. This regime is justified for gaseous plasmas with large mass differences (m e Ӷm h ).
In this paper we study the relaxation process in the twotemperature model. 8 The validity of this model is discussed in Ref. 6 . We analyze the coupled evolution of density, electron temperature, and temperature of heavy particles, assuming the same temperature for ions and atoms nonideal partially ionized plasmas. We study the evolution processes for large electron densities. That means we consider plasmas, which are collision dominated, and therefore the radiation processes can be neglected. We determine relaxation times and compare the results with those from the literature ͑see Refs. 7, 8, and 9͒. Of special interest is the influence of bound states on the temperature relaxation process, which is included in our approach.
Furthermore, we study many-particle effects in detail. We will show that the dominating effects are screening of the Coulomb interaction and lowering of the binding energy. As a result, the lifetime of the two-temperature regime is extended significantly.
Our paper is organized as follows. First we derive from the hydrodynamic equations the equations for densities and temperatures in the two-temperature model ͑Sec. II͒. Here, we take into account many-body effects. Then we apply these equations in the case of a nonideal hydrogen plasma. The transport coefficients, impact ionization, and three-body recombination coefficients for hydrogen are given in Sec. III. In Sec. IV we present numerical results for the solution of the coupled equations of density, electron temperature, and temperature of heavy particles in a spatially homogeneous hydrogen plasma. Finally, a discussion of the results is given in Sec. V.
II. HYDRODYNAMIC EQUATIONS FOR TWO-TEMPERATURE NONIDEAL PLASMA
In Ref. 4 , hydrodynamic equations for nonideal partially ionized plasmas were derived. If we consider a system of electrons (e), singly charged ions (i), and atoms (ei), the resulting equations for the densities of free (aϭe,i) and bound particles in the spatially homogeneous case are
Here n (ei) is the total number density of atoms and is given by n (ei) ϭ͚ j n (ei) j ͑j-atomic level͒. Nonideality effects enter Eqs. ͑1͒ and ͑2͒ via the source functions of free particles W a and of atoms W (ei) j . These functions are related by
͑3͒
The source function of electrons, for instance, is given by
The summation is over the impact particles and the quantum numbers of the atom. Here ␣ j c and ␤ j c are the coefficients of impact ionization and three-body recombination of the atomic level j. Explicit expressions for these rate coefficients can be found in Ref. 10 .
The resulting equations for the energy densities in the nondegenerate case can be written as
The integrals I ab , I abc , and I (ei)c describe the two-and three-particle scattering processes and are given in Refs. 11 and 12. Because we are interested in the description of dense plasmas, radiation processes can be neglected. The free particles ͑electrons and ions͒ were considered in a quasiparticle picture in which their energy is given by
It was shown in Refs. 1 and 13 that the energy shift of the bound states is small. Therefore this shift was neglected in Eq. ͑6͒. As shown in Ref. 4 , the system of Eqs. ͑1͒, ͑2͒, ͑5͒, and ͑6͒ has the important property that it conserves the total density of particles n a ϩn (ei) ϭconst with aϭe,i as well as the total energy density,
͑8͒
In contrast to an approach starting from the ordinary Boltzmann equation, in Eq. ͑8͒ nonideality contributions in quasiparticle approximation are included. 
with the screening length
Thus we have for the total energy density, conserved by Eqs. ͑5͒ and ͑6͒, the approximation
The temporal change of the energy densities of the various species is determined by the collision integrals on the righthand side ͑RHS͒ of Eqs. ͑5͒ and ͑6͒. The calculation of these terms involves the quasiparticle energies. In order to simplify the calculations, we will use the so-called rigid shift approximation for the quasiparticle energies,
where the momentum-independent shift is given approximately by
͑13͒
Using Eq. ͑9͒, we have
Now we can derive the evolution equations of the temperatures for the light and heavy particles in the twotemperature model from Eqs. ͑5͒ and ͑6͒. The relaxation process is determined by the elastic and inelastic collisions between equal and different particle species. The energy transfer between electrons and heavy species ͑singly charged ions and atoms͒ is not very effective, because of the great mass difference. Therefore the thermal relaxation times between particles of great mass difference ͑electron-ion and electron-atom͒ are greater than the times between particles of equal mass ͑electron-electron, ion-ion, and atom-atom͒ or nearly equal mass ͑ion-atom͒. That means there exists a stage where the electrons and heavy particles are in quasiequilibrium with the respective temperatures T e and T h .
We obtain the temperature equation for the electrons from Eq. ͑5͒, together with Eq. ͑9͒. The time derivative on the left-hand side ͑LHS͒ can be easily calculated. The RHS of Eq. ͑5͒ describes the energy transfer due to the various collision processes. There are some useful approximations. The energy transfer terms of the elastic collisions of three free particles can be neglected in comparison to the elastic two-particle collisions. The impact ionization by ions is much less effective compared to the electron impact ionization. Therefore we restrict us to the latter process. Some details of the derivation are discussed in the Appendix. From the energy balance equation ͑5͒ for the electrons, we obtain
The integrals Z eb , bϭi, (ei) stand for the energy transfer following from the elastic collisions between electrons and ions,
and electron-atom collisions
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The temperature equation of the heavy particles is obtained by summing up equations ͑5͒ for ions and ͑6͒ for atoms, , we obtain Z (ei)e . The integral X (ei)e is only important for excitation and deexcitation reactions and can be written as
In the following, we consider only the ground state ( jϭ j ϭ1). This is a good approximation for the high densities we are interested in because the excited states have already vanished due to the Mott effect.
The LHS of the Eqs. ͑15͒ and ͑18͒ contain the derivatives of the temperature of both ͑electrons and heavy͒ species. The solution of these system of equations can be written as
͑21͒
The terms k 1 , k 2 , k 3 , and k 4 are given by
8T e 2 r 0 , ͑23͒
For comparison, we give the corresponding equations for an ideal plasma, i.e. nonideality effects are neglected,
Similar expressions are given in Ref. 5 . The calculation of the integrals Z ab ͓see Eqs. ͑16͒ and ͑17͔͒ is difficult. But we can use the quasihydrodynamic approximation. For a nondegenerate system with local equilibrium distribution functions for each species, the expressions Z ab can be simplified,
with Z ba ϭϪZ ab , and
The term a can be written as a ϭm a /(k B T a ). Here Q ab is an integral over the transport cross section and is given by
with z 2 ϭ ab ប 2 k 2 /(2 ab 2 ). The transport cross section Q ab T can be calculated from the scattering phase shifts according to
͑30͒
The numerical calculation of the phase shifts is described in the following section.
III. HYDROGEN PLASMA: RATE COEFFICIENTS AND TRANSPORT CROSS SECTIONS
In the following we consider a partially ionized hydrogen plasma, because we want to study the influence of nonideality effects on the relaxation process in a simple example. In order to have an analytic expression for the reaction function W (ep) 1 , we use the results of Ref. 10. The ionization coefficient is then given by ( jϭ1)
Here ␣ 0 and g are defined by
͑34͒
There is a strong influence of many-body effects on the ionization coefficient. This coefficient is an increasing function with increasing electron density. The ionization and the recombination coefficients are related by
with e being the thermal wavelength, and the effective ionization energy is I 1 eff ϭ͉E 1 ͉ϩ⌬ e ϩ⌬ p . It was shown in Refs. 1 and 13 that the energy shift of the bound states is small. Therefore this shift was neglected in Eqs. ͑31͒ and ͑35͒. If we insert Eq. ͑31͒ into Eq. ͑35͒, it follows that ␤ 1 is a function of T e only. That means in this approximation the recombination coefficient is independent of the density. In Refs. 15-17, rate coefficients were calculated in a more rigorous way. The numerical results show that the many-body effects have only a small influence on the recombination in comparison with the ionization coefficients.
In ep) . They mainly determine the energy transfer in the collision process between electrons and heavy particles. In order to calculate these quantities, the corresponding transport cross sections Q ab T that can be expressed by the phase shifts ͓see Eq. ͑30͔͒ must be known.
The phase shifts for the electron-proton collisions were determined by numerical solution of the radial Schrödinger equation using the Numerov method. The effective interaction potential between the charged particles was assumed to be a statically screened Coulomb potential,
where V ep (q)ϭϪ4e 2 /q 2 is the Fourier transform of the Coulomb potential and ⑀(q,0) is the RPA ͑random phase approximation͒ dielectric function in static approximation. Here is the inverse screening length ͓see Eq. ͑10͔͒.
The elastic scattering of electrons on hydrogen atoms was treated on the basis of the close coupling equations of quantum scattering theory. Within perturbation theory, this system of equations can be reduced to an integrodifferential equation for the electron scattering wave function that describes the scattering of the electrons in an effective atomic potential. 18 Neglecting exchange effects we obtain, instead of an integrodifferential equation,
͑37͒
This is a radial Schrödinger equation for the electron scattering wave function f l (r), where the electron-atom interaction is determined by a static and a polarization contribution. The static potential is given by
͑38͒
In dipole approximation, assuming static Debye screening, the polarization potential is
Here ␣ϭ4.5a B 3 is the atomic polarizability, and the parameter r 1 was chosen to be r 1 ϭ1.456a B , which interpolates the behavior for small distances. As in the case of electronproton scattering, we have calculated the transport cross section Q e(ep) T from the scattering phase shifts, which were determined from Eq. ͑37͒ by numerical integration.
Numerical results are given in Refs. 20 and 21.
IV. NUMERICAL RESULTS FOR THE DENSITY AND TEMPERATURE EVOLUTION IN A HYDROGEN PLASMA
Let us study the kinetics of density and temperatures in a dense partially ionized hydrogen plasma. We consider a closed system, where the total number of electrons nϭn e ϩn (ep) is constant. We use the density equation ͑1͒ and the temperature equations ͑20͒ and ͑21͒. We take into account the approximations ͑27͒ for the elastic collisions and Eqs. ͑31͒ and ͑35͒ for the rate coefficients. The energy shifts are given by Eq. ͑14͒. It is convenient to use dimensionless variables for density, time, and temperatures,
c is the degree of ionization, n is the total electron density, is the dimensionless time [t 0 ϭ(␣ 0 n) Ϫ1 ], e is the dimensionless electron temperature, and h is the dimensionless temperature of heavy particles. Now we transform the evolution equations ͑1͒, ͑20͒, and ͑21͒ into dimensionless form, The system of equations ͑41͒-͑43͒ describes the relaxation process in a dense two-temperature hydrogen plasma. Terms that contain the quantity ϭ( e , h ,n) arise from the nonideality. Furthermore, we take into account nonideality effects in Z ab . All these terms show the influence of the manybody effects on the kinetics. The corresponding expressions for an ideal hydrogen plasma follow from Eqs. ͑41͒-͑43͒, if
we set ϭ0 and if we take transport cross sections for a small screening parameter D .
In the following we want to study the influence of elastic and ionization ͑recombination͒ processes on the relaxation process. Also, we look at the modifications in partially ionized plasma, and we will compare our results with the lowdensity ideal case.
A. Effect of elastic collisions in a fully ionized plasma
First we study the evolution without inelastic collisions in a fully ionized plasma. Therefore, we set cg f ϭ0 in Eqs. ͑41͒-͑43͒. In this case the temperature relaxation is driven by the elastic e -p collisions alone. From Eq. ͑41͒, it follows that the degree of ionization is constant. We solved Eqs. ͑42͒ and ͑43͒ numerically under the condition cϭconstϭ1. From the numerical results, we have determined thermal relaxation times. First, we calculated the temperatures e () and h (). Then we calculated the temperature difference ( e Ϫ h ) as a function of time. From the slope of this function, we obtained the thermal relaxation time similar to Ref. 22 . Here D 1 was determined, including nonideality effects. On the other hand, we neglected these effects in 1 . That means we set ϭ0 in Eqs. ͑42͒ and ͑43͒ and we take transport cross sections for a small screening parameter D .
These relaxation times can be compared with expressions from the literature. In fully ionized hydrogen plasmas (cϭ1), the rate of energy transfer is given by the LandauSpitzer ͑LSP͒ relaxation time, 8 ͒. In our results, we do not observe this behavior. On the other hand, with constant electron temperature and increasing temperature of heavy particles, the relaxation is faster. This is not valid for 1 , because nonideality effects were neglected. Furthermore, we see that with increasing density the relaxation is quicker. Obviously, with decreasing interparticle distance, the collision frequency increases.
The 
͒.
The explanation is that the two-particle interaction in nonideal plasmas is screened. The collisions are less effective compared to the low-density case.
B. Effect of elastic collisions in a partially ionized plasma
In the following we study the relaxation process in partially ionized plasmas (c 1) again without inelastic collisions ͓cg f ϭ0 in Eqs. ͑41͒-͑43͒, cϭconst͔, but taking into account additionally the e -H scattering. The relaxation time can be calculated according to Ref. 7,
where the ab Ϫ1 are given by Eq. ͑50͒. For the calculation of SH 2 , we need the e -H transport cross sections ͑see Sec. III͒. . We solved Eqs. ͑42͒ and ͑43͒ under the conditions cϭconst 1. But now, additionally to the e -p scattering, we take into account the scattering between electrons and H atoms. We found the same qualitative behavior as in Table I . With a decreasing degree of ionization, the relaxation is slower because more bound states arise, and the e -H scattering is less effective than the Coulomb scattering between electrons and protons. 
C. Relaxation including elastic and inelastic collisions
Let us now study the full relaxation process, including e -p scattering, e -H scattering, ionization by electrons, and three-body recombination. Starting with initial nonequilibrium values c(ϭ0), e (ϭ0), and h (ϭ0), we can solve the system of Eqs. ͑41͒-͑43͒. Typical results are shown in Figs. 1 and 2 . In these figures we demonstrate the relaxation of the degree of ionization c, the temperature of electrons e , and heavy particles h . In Fig. 1 we start with the same initial values for c and h , but vary the electron temperature from Fig. 1͑a͒ to 1͑c͒ . On the contrary, in Fig. 2 we vary the ionization degree c. For comparison, each run is also redone for the ideal ͑low-density͒ case.
Let us analyze the evolution process in detail. In the beginning of the relaxation process, we start with hot electrons. This is a typical situation. The energy of the electrons can be transformed in different channels: ͑i͒ elastic scattering between electrons and protons, ͑ii͒ elastic and inelastic scattering between electrons and H atoms. The elastic energy transfer is relatively slow for particles with a great mass difference. Such a situation is given in hydrogen plasmas. Therefore, it takes many collisions until the electrons have the same temperature as the heavy particles. On the other hand, we can observe a big energy transfer between an electron and a H atom in a single inelastic collision, if E e kin Ͼ I eff . Then the H atom is ionized. Therefore, the inelastic process cools the electrons more effectively than the elastic process.
Now we study the influence of nonideality effects on the relaxation process. The following effects have to be accounted for.
͑1͒ Elastic scattering: ͑a͒ between electrons and protons: The Coulomb interaction between electrons and protons is screened. Therefore, the energy exchange is less effective compared to the ideal ͑low-density͒ case ͑see Refs. 20 and 21͒; ͑b͒ between electrons and H atoms: The influence of nonideality effects is very small ͑see Refs. 20 and 21͒.
͑2͒ Ionization and recombination: In nonideal plasmas we observe a lowering of the ionization energy with increasing density. Therefore electrons with a kinetic energy lower compared to the ideal case can ionize the H atoms. That means, with increasing density, elastic collisions are becoming less effective compared to inelastic collisions. Figures 1 and 2 show a two-time regime. The first fast regime is connected with the inelastic processes between electrons and H atoms. During this regime, the temperature of the heavy particles is nearly constant. We observe only a coupled relaxation of c and e . The next time regime is determined by the elastic scattering ͑electron-proton and electron-H atom scattering͒. In this regime the temperature of electrons and heavy particles are adjusted.
FIG. 1. Solution of the coupled density-temperature equations ͑41͒-͑43͒
for an ideal and nonideal hydrogen plasma. We start with the same initial values for the degree of ionization c and the temperature of heavy particles h , but vary the electron temperature e from ͑a͒ to ͑c͒. The total density is nϭ10 27 m Ϫ3 ͑1ϭ1.84ϫ10 Ϫ14 s͒. Fig. 1 , but we vary the degree of ionization c.
FIG. 2. The same as
In Fig. 1 the electron temperature is increased from Fig.  1͑a͒ to 1͑c͒ . Because the electron distribution is a Maxwell function, there are more electrons with E e kin ϾI eff from Fig.  1͑a͒ to 1͑c͒ at the beginning of the relaxation process. The result is that the slope of the electron temperature curve decreases, and the slope of the curve of the ionization degree c increases from Fig. 1͑a͒ to 1͑c͒ . The maximum of the ionization degree c is reached after tϭ3.4ϫ10 Ϫ13 s. We can observe a plateau of c and e . That means there is a saturation of c and e , because nearly all H atoms are ionized by inelastic collisions. After the maximum, the elastic process is dominating. The temperature of electrons and heavy particles are adjusted. Thereby the degree of ionization is decreased to the equilibrium value.
From Fig. 2͑a͒ to 2͑c͒ the degree of ionization is decreased. The behavior in Figs. 2͑b͒ and 2͑c͒ is similar to Fig.  1 . In Fig. 2͑a͒ the ionization degree is only decreased to the equilibrium value, because all H atoms are ionized in the beginning. Due to the compensation of elastic and inelastic processes, we can observe a maximum in the curve e ().
The nonideality effects, which were discussed earlier, are clearly seen in Figs. 1 and 2 . In nonideal plasmas, the equilibration process of e and h takes much longer than in ideal plasmas, because the Coulomb interaction is screened. This depends on the total density n. With increasing total density, the deviation from an ideal plasma increases. The influence of the effective ionization energy is clearly seen in Fig. 1 . The ionization degree increases stronger than in ideal plasmas in the first time regime, because there are more electrons with E e kin Ͼ I eff .
V. CONCLUSIONS
The aim of this paper was to study the influence of nonideality effects on the kinetics of macroscopic quantities like temperature and composition of a partially ionized plasma. Starting from hydrodynamic equations given in an earlier paper, 4 evolution equations were derived for the temperatures of heavy and light particles in a nonideal threecomponent plasma. The nonideality corrections lead, in comparison to ideal plasmas, to an additional density dependence of the temperatures.
As a rather simple example, the coupled equations for densities and temperatures of the various species were numerically analyzed for a hydrogen plasma. In order to show the importance of the several processes, different levels of approximation were investigated. In a fully ionized hydrogen plasma, our results are in good agreement with the LandauSpitzer relaxation times. Because of the screening, the relaxation in nonideal plasmas is slower compared with the lowdensity ͑ideal͒ case.
As a next step, a partially ionized plasma was studied, taking into account additionally only elastic electron-atom scattering. Because these collisions are less effective than the scattering between electrons and protons, the relaxation is slower with a decreasing degree of ionization.
Finally, the full relaxation process was analyzed, including elastic and inelastic collisions. In nonideal plasmas we found two competing influences of screening. First, the energy exchange between electrons and protons is less effective compared to the ideal case. On the other hand, we observe a lowering of the ionization energy with increasing density. Therefore, electrons with a lower kinetic energy, compared to the ideal case, are able to ionize the atoms. Hence, with increasing nonideality, hot electrons lose more and more energy in inelastic collisions ͑ionization͒, reducing the heating of the heavy particles. This leads to significantly increased lifetime of the two-temperature regime.
In our calculations, we restrict us to hydrogen atoms in the ground state. This is certainly a good approximation for very dense systems because excited states already disappeared due to the Mott effect. In a intermediate density region, one should, of course, take into account also all processes involving excited states. This will be done in a subsequent paper.
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APPENDIX: DERIVATION OF THE EVOLUTION EQUATIONS FOR THE TEMPERATURES OF ELECTRONS AND HEAVY PARTICLES
In this appendix, the derivation of Eqs. ͑15͒ and ͑18͒ is shown. At first we consider the electron temperature evolution. We start from Eq. ͑5͒ with the approximation ͑9͒. The time derivation of the LHS of Eq. ͑5͒ can be calculated, Here Z ei splits into two contributions. The first contribution is given by Eq. ͑16͒, whereas the second one vanishes.
The energy transfer terms due to elastic collisions of three free particles can be neglected in comparison to the two-particle collisions.
The electron-atom contribution to the energy transfer in the nondegenerate case can be written as
